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Abstract 


Osasrallzcd  rseurslon  ssqusness  to  obtain  tha  Intogral 
root  of  a  Boabor  arc  daralopad.,  Btosa  sotuaneas  jraviixa,  at 
■ost,  tba  usa  of  tba  squara  root  oparatlon  In  addition  to  tha 
basic  arithnetie  operations;  eonsaqaantlor^  tha  saquanoas  are 
Bultabla  for  usa  vlth  dash  calculators  or  nanual  eoatputations. 
fiftH  tha  nM  root  of  a  nuabar,  where  n  Is  an  Intfrgar  in  tha 
range  ^ 

^  <  It  it  Ji  ^  (M.  * 


tha  darelopsant  In  this  paper  prorides  for  k  -f  1  racursion 
saquanoas,  all  of  idilch  exhibit  second  order  eonvargenee 
as  the  required  root  is  approached. 


mwfluuTioi 


Ik*  problw  of  obtalBlBg  a  roeursloii  ■•quoaeo  to  obtcla  ugr  iatogral 

root  of  a  Biaibar  uslac  a  daak  oaleulator  or  band  eoaputatloa  has  btaa  ax- 

Mlnad  in  tke  lltarature  and  a  nxabar  of  apeolal  foras  of  a  aora  ganaral 

(1,2) 

raeursloa  saqoanea  hara  baan  darivad.  In  thla  papar,  tha  aoat  faaaral 

raeuraloa  aaquaaea  la  obtalaad,  aai  tba  erltaria  for  tba  aalaetloa  of  tha 
appfoprlata  paraaatara  la  tha  raeuraloa  aaquaaoaa  ara  davalopad. 

Although  tha  procadura  hara  la  for  tha  dataxalaatloa  of  a  poaltlra 
latagral  root,  thla  aathod  la  tha  hay  to  dataialaatloa  of  a  fraetleaal  root 
or  a  aagatlre  latagral  root.  la  tha  foraar  eaaa,  where  tha  root  to  be  ob> 
talaad  la  of  tha  foza,  p/q,  oaa  aaraly  obtalaa  tha  q^  root  by  tha  aathoda  la 
thla  paper  aad  ralaaa  tha  aaavar  to  tha  power,  p.  The  datazalaatloa  of  a 
aagatlTe  latagral  root  of  a  auabar,  I,  la  tha  aoM  aa  fladlag  tba  poaltlwa 
latagral  root  of  tha  reciprocal  of  X. 

Aaalyalat 

!/■ 

la  order  to  aolva  tha  problaa,  Ii>A  ,  idiara  A  aad  a  ara  glraa,  raeuraloa 
aaqueaeas  of  tha  form  glran  la  aquatloa  (l)  ara  auggaatad  la  rafaraaeaa  1  aad  2: 


where 


a-2*‘-h,  1  S  Jl  ^  2 


k  -  1 


(h  aad  k  ara  poaltlra  latagara),  aad  X  aad  0  ara  eojutaata  to  be  ohoaaa  ao 
aa  to  Mka  tha  eoarargaaca  aa  rapid  aa  posalbla.  lha  fora  ahowa  abora  can 
be  gaaarallaad  tot 


3 


KlMT*  •,  li,  T f  aai  3  lunr*  th*  Maaing  m  ia  aquatloa  (l),  tad  a  tad  r 
arc  lattagara  ahieli  ara  to  bo  dataxalaad.  If  no  dafiaa  tha  fraotloaal  arror 
I  aatiaata  to  tba  daairad  root  bjr  tha  aqaatioa 

/)„-LO-*£j  ,  (5) 

aai  aotlag  that  L*  -  A,  wa  aajr  uaa  (3)  la  (2)  to  obtaia 


'*«.«  -  r0*ej* ft)' 


,  (>>) 


If  wa  raquira  that  tha  raatatlag  arror  aquation  ba  iadapaadaat  of  L  or  A, 
than  tha  aapoaaat  of  tha  tarn  lanrolrlng  L  nuat  aqual  laro,  i.a.,  wa  raquira 
that 


and  unlar  this  oondltion,  aquation  (h)  baeoaaa 

y(  *- fi( 


Sinea  a-fh  -  2^,  wa  obtain  froa  (3)] 


r  -  2  -  a 


Froa  (7)>  r  will  ba  an  Intagar  aa  long  as  a  f  k. 


Wa  will  raqhlra  that  ^  -  0  vIms  ^ 

nfl  A 


which  whan  uaad  In  aquation  (6)  glTOst 


,  (5) 


,  (6) 


,  (7) 


r  +  p  •  1 


,  (8) 


Fro*  (6),  i«  also  aota  that^  ■  -1  »  6  "  ^•••»  “ 

■H  B 


iBitlal  •stlMt*  graatar  than  taro  la  alvagra  raqulrad.  9m  alopa  of 


€  ,  Ts  €  la  glraa  by 

^  nfl  ^a  ® 


For  eoararganea  to  tha  polat,  ^ 


raqulra  that 


■  ^ 

ttfl 


C  I 


.  (9) 

0,  It  la  aufflelant  to 


,  (10) 


ValBg  thla  erltarlon  appllad  at  tha  origin,  l.a.,  froa  (9)  aad  (lO), 

»  (11) 


vhaa  ■  0,  ve  obtain 


Y  + 


<  I 


or  ualng  (7)  and  (8)  la  (ll): 


,  (12) 


or 


9ia  Boat  rapidly  eeanrarglag  trajaetorlaa  la  tha  rlolalty  of  tha  origin  vlU 
ba  thoaa  idMaa  alopa  «  0  at  ^  *  0,  l.a.,  thoaa  whoaa  trajaetoxlaa  aatiafy 

B 

(ualag  aquation  {9)j: 


,  (1»^) 
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Hm  slmltaMoua  solution  of  (8)  sad  (ik)  glrss: 


>  (15») 

y- 

,  (15b) 

Equations  of  ths  font  glTsn  bj  equation  (2)  will  alirsys  be  eonrexient  as 
long  as  I  I  for  large  £  is  less  or  equal  to  1. 

t  I  “ 

Fros  (9)»  this  requires  then  Y  I  or 

jii  <*4)  '(!«> 

idlieh  iaposes  no  real  restrlotlon.  Since  for  large  6  if:  Y  t  tt. 

^  ,  tor  6»,»  /  ,  (17) 

S 

Consequently,  the  larger  the  ralue  m,  the  slower  the  rate  of  eoanrergenee 


at  the  larger  values  of  6  •  On  the  other  hand,  increasing  the  value  of  a 

n 


reduces  the  effort  required  to  obtain  subsequent  estljsstes.  For  a-  k-1,  only 

one  square  root  in  each  cycle  nust  be  coaoputed;  for  a  -  k,  each  cycle  requires 

no  operations  other  than  the  four  basic  arltfaaetio  operations.  From  equation 

(17),  2i2±'  >  o  tor  large  integer  values  of  a  ^  1.  For  the  ease 

3^  <1 

where  a  -  0,  ^  ,  for  large  6  _  sad  there  exists  the  possibility 

of  negative  for  suffloleatly  large  positive  values  of 

Tbm  range  of  for  idilch  the  a*  0  reoursioa  sequence  will  oonnrergs  oan  be 

obtained  by  setting  a  -  0  and  6  -  -1  In  (6)  and  solving  for 

•►1 


6 


1h«  ruft  of  tor  wlileli  tho  m  -  0  ■•quoaet  eoairorgoo  is 

-  I  <  £,  <i  6* 


wh«r«  *  i*  givon  by 

A 


,  (IB) 
,  (19) 


lot*  that  as  long  as  o  ^  <  S  ,  than 

( !  ■*  ^/sj  / 

(‘*j)  -  /  >  -/  = 

!•••»  € >  s/J^  vhleh  establishes  a  range  of  f«*  -1  to  %/h. 

In  this  situation,  howerer,  the  discussion  of  range  of  eonrergenee  is  purely 

aead«aio  insofar  as  prcMtloal  application  is  ooneemad;  the  diTergenee  is 

readily  recognised  by  the  appearance  of  a  negatire  ralue  of  ^^2.*  ^ 

elialnated  by  the  slnple  eaqpedlent  of  taking  sosM  fractional  Talus  of  for 

the  ralue  of  Ihe  appearance  of  a  positire  subsetuent  estlaate  generates 

a  solution. - 

Bie  use  of  recturslon  fonaulae  of  the  foxn  suggested  iAmts,  (for  n-^, 
yields  partictalarly  slnple  results  for  sone  of  nore  cession  integral  roots. 

In  particular,  the  foxnula  for  the  square  root  of  A  is  glTOn  by 


Vi  ■  2  ( **  *  i  ) 


.  (a» 


Which  is  both  slnple  and  rapidly  convergent. 

Sinoe  useful  recursion  sequences  nay  be  obtained  for  each  integer  ralue 
of  n  froa  0  to  k,  it  follows  that  one  has  a  choice  of  k  t  1  sequences  of  the 
foxn  in  (2)  for  any  giren  problen. 
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